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Abstract 
 
In this paper, we give a new method for proving the Lesche stability of several functionals 
(Incomplete entropy, Tsallis entropy, −κ entropy, Quantum-Group entropy). We prove also 
that the Incomplete −q expectation value and Rényi entropy for ( )10 << q  are −α stable for 
all ( )q≤< α0 . Finally, we prove that the Incomplete −q expectation value is −α stable for 
all 10 ≤< α . 
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Notations and definitions 
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Let C  be a function defined on A  a subset of fE . For *N∈N  and 0>α , we denote by max,NC  the number 
defined by (when it exists) { }NN AppCC R∩∈= ,)(supmax, . 
 
Definition 1 
A Function C  defined on A  a subset of fE  is said to be −α stable if C  posses the following property  
0>∀ε , 0>∃δ , *N∈∀N , NApp R∩∈∀ ', , εδα <
−
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Remark 
The Lesche stability [1] correspond to −α stability for 1=α . 
 
Proposition 2 
Let αβ ≤<0  and C  be a function defined on a subset of fE .  
If C  is −α stable then C  is −β stable. 
Proof. 
It’s easy to see that for all [1,0]∈x , βα xx ≤  and thus if δβ <)',(, ppd N  then αβα δ /, )',( <ppd N . 
 
Proposition 3 
If 21,CC  are −α stable with 01 ≥C , 02 ≥C  and +∈ Rµλ, , then 21   CC µλ +  is −α stable. 
Proof. 
We can suppose that 01 ≡/C , 02 ≡/C  and 
*
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Let 0>ε , there exists 01 >δ , 02 >δ , such that *N∈∀N , NApp R∩∈∀ ', ,  
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We put ( ) 0,min 21 >= δδδ , NApp R∩∈∀ ', ,  ( )2,1,, )',(  and  )',()',( δδδ ααα <<⇒< ppdppdppd NNN  
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Definition 4 
Let ] [+∞∈ ,0q \ { }1 . The incomplete entropy IqS  [2] is defined on ( )U
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Theorem 5 
For all ] [+∞∈ ,0q \ { }1 , the incomplete entropy IqS  is −α stable for all 1≤α . 
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Definition 6 
Let ] [+∞∈ ,0q \ { }1 . The Tsallis entropy qS  [3] is defined on U
*
1,]1,0[
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Theorem 7 
For all ] [+∞∈ ,0q \ { }1 , the Tsallis entropy qS  is −α stable for all 1≤α . 
 
Corollary 8 
a) For all ] [1,1−∈κ , the −κ entropy is −α stable for all 1≤α . 
b) For all ] [+∞∈ ,0q \ { }1 , the Quantum-Group entropy [4] is −α stable for all 1≤α . 
Proof. 
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For the proof of the theorem 7, we have need of the following lemmas. 
 
Lemma 9 
a) For all ] [1,0∈q , the function 
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Lemma 10 
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Proof. 
a) We put { }{ }ii ppNiI <∈= '1 ,,,1L  and { }{ }'2 ,,,1 ii ppNiI <∈= L . 
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Proof of theorem 7. 
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Thus, the theorem 6 is proved. 
 
The −α stability of the Incomplete −q expectation 
Definition 11 
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Theorem 12 
a) For 1>q , the Incomplete −q expectation of C  is −α stable for all 10 ≤< α . 
b) For ] [1,0∈q , the Incomplete −q expectation of C  is −α stable for all q≤< α0 . 
c) For ] [1,0∈q , the Incomplete −q expectation of C  is −1 unstable. 
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Consequently, the Incomplete −q expectation is −1 unstable. 
 
The −α stability of the Rényi entropy 
Definition 13 
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Theorem 14 
For ] [1,0∈q , the Rényi entropy qR  is −α stable for all q≤< α0 . 
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